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ABSTRACT A static analysis of bovine pancreatic trypsin inhibitor (BPTI) is presented based on a new discrete/
continuum approach to modeling the dynamics of biomolecules. This hybrid method utilizes knowledge of the
intramolecular potential and molecular configuration to generate a field of elastic modulus tensors. These tensors, which
relate the local stress and strain for each atom in the biomolecule, can be used to judge the local rigidity as well as
indicate regions of high stress. Comparing the tensor fields for an unrelaxed and a relaxed configuration, the
microscopic structure of BPII is found to be anisotropic and to have regions of stress even when it is relaxed in the
potential field. However, when these fields are averaged over the whole protein or over individual residues the structure
becomes more isotropic and the stressed regions vanish. Using these averaged tensors, we calculated bulk properties
such as Young's modulus and the Lame constants and they agreed with previously reported values.
I. INTRODUCTION
Proteins are dynamical systems, and although the static
configuration of a protein provides useful insight into the
functions of proteins, if considered alone it is incapable of
explaining all observed properties and functions. For that
task a more integrated approach must be taken in which
both the statics and dynamics are considered together.
Whereas this point of view has long been recognized for
processes such as protein folding and diffusion, it has only
recently been emphasized for other processes such as
conformational transformation, active and passive trans-
port, and enzymatic catalysis (1-6).
This is due in part to the inherent complexity of studying
the dynamics of large biomolecules. A typical biomolecule
may have on the order of 10,000 atoms, so 30,000 equa-
tions of motion must be integrated to treat the dynamics
properly. Because the biomolecule will not in general be
symmetric, the number of degrees of freedom cannot be
reduced through symmetry considerations. As a result
methods that are used to study dynamics of small mole-
cules, such as normal mode analysis (7) and molecular
dynamics (8), are computationally expensive if not intrac-
table for many biomolecules (9-1 1) unless constraints are
imposed on them to reduce the number of degrees of
freedom.
In addition to many degrees of freedom, the frequencies
associated with the dynamical processes occurring in a
biomolecule span an extremely wide spectrum ranging
from 3,000 to 3.0 x 10-8 cm-'. Although this complicates
the complete description of the dynamics, it suggests an
approximate piecewise approach with the dynamics being
separated into regimes that are uncoupled from each other
because of large differences in frequencies. If such a
separation is valid, then each regime may be treated by a
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technique suitable for that particular regime (9). Whereas
this separation may be used effectively on the very high
and very low frequency regimes, its application to the
midrange regimes is not as straight forward because the
separation of neighboring regimes may be ambiguous.
Further, it is not clear that the complete dynamical picture
of the biomolecule may be constructed from the segmented
descriptions.
The objective of this paper was to illustrate some of the
features of a new hybrid approach to modeling macromole-
cules. The purpose of this approach is not to supplant the
already established molecular dynamics techniques but
rather to augment them so that they can be applied to
larger macromolecular systems. Furthermore, the ap-
proach has the flexibility to allow one to match the
complexity of the model with the sensitivity of the calcu-
lated output to the details of the model. By taking advan-
tage of this, one can simplify the model in a systematic
manner to yield a more efficient simulation. This hybrid
method begins with an atomistic picture of the molecule in
which the configuration and the intramolecular potential
are given for the n atoms. Using this description, we
calculate a field of position-dependent elastic modulus
tensors (12, 13). By indicating the degree of local rigidity,
the field can be used as a probe to lump the molecule into
regions with uniform elastic properties. Regions of the
molecule undergoing large amplitude anharmonic motion
which cannot be properly described by the continuum
model (i.e., the active site) are left unlumped and treated
using the original atomistic picture. Thus, the molecule is
represented by an amalgamation of both the discrete and
continuum regions all linked together. These latter con-
tinuum regions may or may not have differing elasticities.
The amount of lumping depends on the kind of information
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being sought as well as the dynamic behavior of the
molecule. For example the calculation of bulk elastic
properties such as the Lame constants may allow lumping
over the entire molecule because these properties probe the
average behavior of the molecule. On the other hand, to
characterize some higher frequency behavior that is more
sensitive to local structure, a lumping scheme that is less
global in nature must be used. This lumping scheme can be
adapted to be responsive to the local changes in the elastic
properties and thus made suitable to model the behavior.
The elastic tensors also have specific symmetry proper-
ties (13) associated with the invariance of the unstressed
continuum with respect to rigid body rotation and transla-
tion. Tensors that exhibit deviations in these properties
indicate that the biomolecule is stressed at those points.
These properties have an important application to the
common occurrence of a discrepancy in the true static
structure of the biomolecule and the equilibrium configu-
ration associated with the intramolecular potential. To
overcome this difference the field of tensors can be symme-
trized so that they obey the correct symmetry properties.
The resulting continuum equations of motion correspond to
a self-consistent equilibrium configuration and intramole-
cular potential. This method of obtaining self-consistent
equations of motion is better than previous approaches
because it requires virtually no additional computational
effort. However, it should be pointed out that the symme-
trized continuum equations of motion are not the same as
the self-consistent atomistic equations of motion and there
is no direct way of obtaining the latter from the former.
After presenting a brief discription of the formalism, the
field of elastic modulus tensors is calculated for two
different configurations of BPTI, one of which is relaxed in
the potential force field. To illustrate the flexibility of the
hybrid approach, we analyzed the tensor field for the
discretized continuum, the continuum, and a partially
lumped intermediate model. In this latter model, which is
only one of many possible lumping schemes, the residues
are averaged over in a uniform manner. In addition to
examining the traces and deviations in the Voight symme-
try properties for all the models, bulk properties such as
Young's modulus are calculated for the continuum and the
lumped intermediate models. It should be emphasized that
even though the field of tensors may be used in the above
manner to describe both the local and global structure of
the biomolecule, the primary purpose of the field is to serve
as a means to lump the biomolecule in a consistent manner
so that dynamic simulation becomes practical. While the
latter calculations are relegated to future studies, an
estimation of the dynamical response of the protein limit is
determined for the continuum limit.
II. THEORY
Because a detailed theoretical formulation of the approach
is given elsewhere (14), only a brief summary of it will be
presented here. To obtain the elastic modulus tensors in
terms of the intramolecular potential, two assumptions are
made. First, the biomolecule is assumed to be sufficiently
close to equilibrium to allow the use of a harmonic
intramolecular potential of the form
V=V'+ZEVEtajbUja Ujb,Ia jb (2.1)
where V' is the equilibrium potential energy and uja is the
ath component of the displacement of the ith atom. In this
expression, the term Viajb is the second derivative of the
potential, with respect to the ath displacement component
of i and the bth displacement component of the atom j,
evaluated at the equilibrium configuration. This term may
be interpreted as the force on the ith atom in the a direction
when the jth atom is displaced a unit distance in the b
direction. In writing equation 2.1 it has been assumed that
the term which is linear in the displacement vanishes
because at equilibrium there are no net forces on the
atoms.
Second, the displacement of each atom in the biomole-
cule is assumed to be small with respect to the distance
from its neighboring atoms so that the bth component of
the displacement of the jth atom may be expanded in a
Taylor series about the displacement at the ith atom,
Ujb= Ub(r)+[L-Ub (r)J AXj.
1 0~~~~21[ d [ Ub(r) AXAX (2.2)2 d XcXd jc jd
In writing Eq. 2.2, we have replaced the discrete variable i
by the continuous variable r. The terms, AXjc and AXjd, are
the cth and dth components, respectively, of the distance
between r (corresponding to the ith atom) and the jth
atom. These restrictions may be relaxed if necessary, but at
the present they provide a good working model. By using a
classical atomistic description of the biomolecule, the
equations of motion for the displacement of the ith atom in
the ath direction can be written in terms of the intramole-
cular potential as
p(r) ia(r) =--I E E[V ajb AXJciJ - Ub(r)
+- [abcd] '9'- ub(r), (2.3)2v bc d aXcCXd
where the bracketed quantity is defined as
(2.4)[abcd] = - E Va,jb AX,jAXjd.j
Also, in this expression v is an appropriate characteristic
volume such that p(r) is the local mass density at point r
given by m(r)/v.
Eq. 2.3 is valid in the long wavelength limit where the
wavelength of the displacement of the atoms is much larger
than the distance between the atoms. In this limit the
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biomolecule may be considered to be an elastic continuum
and an equation of motion for the displacement of the
continuum at point r can be written in terms of a local
elastic modulus tensor as
p(r)Ui(r) = a2 b Cd CXb
Cabed(r)- u,(r) + Cabtd(r) - Ud(r) (2.5)
aXd aIxI
where Cabed is an element of the elastic modulus tensor. If
the elastic continuum is unstressed so that it is invariant to
rigid body rotation and translation, the tensors obey the
so-called Voight symmetry properties: Ca&d = Cbad =
Cam, = Cdab (13). Using these properties, the above expres-
sion may be simplified to
p(r)fia(r) = z E- Cad b(r) Ub(r). (2.6)
b cxdXX dXI
In addition, the symmetry properties allow an equivalent
form of Eq. 2.5 to be written as
p(r)ua(r) = E E - uCbd(r)-Ub(r), (2.7)
b ct CIX, CXd
so that the ath component of the volume force at r is given
as
p(r)iia(r) = Xi Cad b(r) I-Ub(r)b( d LaXd C axd
+
- E [C.,bd(r) + Cadcb(r)] dX d ub(r). (2.8)2 bc d aXcCaXd
By equating expressions 2.3 and 2.8, the local elastic
modulus tensor for each atom can be written in terms of
the intramolecular potential as
0
abcd= [acbd] + [bcad] - [abcd], (2.9) z
where the volume-modified elastic modulus tensor C'bad is
defined by 0
Cabed= VCabed. (2.10) >
C,)
Note that the summation implicit in the coefficients in Eq.
2.10 are over all atoms except i. In practice, the summation c
extends to some cutoff distance (-8.0 A) where contribu- Q
tions to the sum from interactions beyond this distance are >
negligibly small. Finally, using Eq. 2.9 and the Voight
symmetry properties associated with elastic modulus ten-
sors, it can be shown that 0
[abcd] = [cdab]. (2.11)
This symmetry property, known as the Huang condition
(12), follows from the invariance of the potential to rigid
body rotation.
Each of the elastic modulus tensor elements represents
the constant of proportionality between elements in the
stress and strain tensors. Thus the field of elastic modulus
tensors contains a great deal of information about the
direction and magnitude of local stresses throughout the
molecule. By using the former two symmetry properties,
the original 9 x 9 tensor can be rigorously reduced to a 6 x
6 tensor, Cab. According to the normal convention the
elements of the reduced tensor are ordered as follows:
11,11=- [1], {2,2}==' [2], {3,31 -= [3], 12,31 = {3,2}-==- [4],
{1,3} = {3,1} [5], {1,2} = 12,11- [6]. Furthermore, if
the equilibrium symmetry property of the reduced tensor
(i.e., C' = C' or equivalently Cabd= Ccdab) is also
employed, then the resulting field of tensors corresponds to
the field that would be found if the configuration matched
the equilibrium configuration for the intramolecular
potential.
III. RESULTS
Using Eqs. 2.9 and 2.4 and an intramolecular potential
given by the following equation (15),
V= E kb(d - dO)2 + Zko( _-0)2 + Ik-,- cos (no)
bds beed4 tor4
ZA,,. Bii qiqj+5 1A2 - +4f i(3.1)nWb j 4HrJpairs,z I6 ne
the field of elastic modulus tensor was determined for two
different configurations of BPTI. One configuration corre-
sponds to the x-ray crystallographic structure (16). The
other configuration was found by calculating the intramo-
lecular forces on all the atoms in the crystallographic
structure and then allowing them to move to minimize
these forces. This minimized structure represents the local
minima associated with the potential which is closest to the
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FIGURE 1 Traces of both the full and symmetrized elastic modulus
tensors for a-carbons in the peptide backbone of the unrelaxed configura-
tion of BPTI. In all the figures the region of a-helix, #-sheet, and loop are
shown by labeled horizontal lines. (-) C;k assuming valence interactions;
(- - - -) C~, assuming valence and nonbonded interactions (. .. .*) Cab
assuming valence interactions; (--- ) C,'1 assuming valence and
nonbonded interactions. Units are in kilocalories per mole.
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FIGURE 2 Traces of both the full and symmetrized elastic modulus
tensors for a-carbons in the peptide backbone of the relaxed configuration
of BPTI. (-) C' assuming valence interactions; (- - - -) C,a assuming
valence and nonbonded interactions; ( C. ) Qb assuming valence
interactions; -- -) C assuming valence and nonbonded interac-
tions. Units are in kilocalories per mole.
crystallographic structure. It should be emphasized that
this configuration is not only potential dependent but it is
also not unique to the potential because there are many
local minima. In this respect, the configuration is some-
what arbitrary. However, the structure is representative of
other local minima and can be used to illustrate the
nuances of the approach. Hereafter we will refer to this
structure as the relaxed configuration and the original
crystal structure as the unrelaxed configuration. The mini-
mization procedure (17) yielded a root-mean-square force
of 6.054 x 10' kcal/A when averaged throughout the
molecule in contrast to a value of 2.396 x 10+2 for the
"unrelaxed" configuration.
Discretized Continuum Limit
Even though the trace of the elastic modulus tensor does
not directly correspond to a physical property, it is a useful
qualitative indicator of the tensor field which is invariant to
the orientation of the biomolecule. The field of tensors for
both the full and symmetrized tensor associated with the
a-carbons in the peptide backbone are displayed in Figs. 1
and 2 for both configurations using two different forms of
the potential. The valence potential calculation assumed
only the first three terms in Eq. 3.1, whereas the full
potential calculation considered the nonbonded interaction
in addition to the valence terms. As is apparent from the
figures and Table I, which lists the averages and standard
deviations for the a-carbon traces, the valence contribu-
tions to the traces are much larger than the nonbonded
contributions. If the valence forces are only considered, the
field of traces for the full tensors show large changes in
flexibility in the transition between looped regions and a
,3-sheet region whereas the smaller minima at 12 and 57
correspond to transitions out of an a-helix region. Beyond
this there does not seem to be any correlation between the
field of tensors and the substructure of the biomolecule.
This lack of correlation is also apparent in the calculations
assuming the complete interaction potential given by Eq.
3.1. These same conclusions can be drawn from plots of the
elastic modulus tensor field for the amide nitrogens in the
peptide backbone (Fig. 3). The large spikes in the plots
which occur at the proline position indicate the increased
rigidity because of the constraints of the ring structure.
Thus at this level the tensors reflect the local bonding
environment.
It had been anticipated that the different substructures
within the protein could be characterized by different
elastic properties which would be reflected in the tensor
field. The reason that such a correlation is not found is due
to the local nature of field. That is, the traces represent the
rigidity on an atomistic level whereas the elastic properties
describing the substructures are much more macroscopic
in nature. Because of this a better comparison can be made
by lumping the field into macroscopic regions and then
contrasting the traces of these regions with the substruc-
ture. This approach is considered later in the paper.
The symmeterized tensors shown in Figs. 1-3 were
TABLE I
AVERAGE VALUE AND CORRESPONDING STANDARD DEVIATION FOR TRACES OF BOTH THE FULL AND
SYMMETRIZED ELASTIC MODULUS TENSOR
Full tensor Reduced tensor
Atom Relaxed Unrelaxed Relaxed Unrelaxed
type BPTI BPTI BPTI BPTI
kcal/mol kcal/mol keal/mol kcal/mol
Valence interactions
CH 1,734.8(65.1) 1,740.4(69.5) 2,040.1(65.4) 2,053.6(72.9)
NH 1,476.1(113.0) 1,469.5(123.2) 1,533.6(199.1) 1,504.7(207.6)
Valence and nonbonded interactions
CH 1,844.0(71.5) 2,899.6(87.5) 2,140.8(69.6) 2,347.7(93.4)
NH 1,649.5(106.1) 1,691.5(133.8) 1,688.1(185.7) 1,829.6(207.7)
SD is shown in parentheses.
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FIGURE 3 Traces of both the full and symmetrized elastic modulus
tensors for the amide nitrogen atoms in the peptide backbone of the
relaxed configuration of BPTI. ( ) C~, assuming valence and
nonbonded interactions; ----) C' assuming the same interactions.
Units are in kilocalories per mole.
determined by averaging the elements associated by the
Voight symmetries. Whereas this averaging allowed the
reduction of the 9 x 9 tensor to a 6 x 6, the overall
behavior of the traces for the symmeterized tensors did not
change markedly from those for the unsymmeterized
tensors. The profile of the traces for the two configurations
remained virtually unchanged in the relaxation process.
Even though they show the same overall behavior, the
traces of the full and symmetrized tensors will not in
general be equal to each other. The trace of the full tensor
is the sum of the elements in the upper left 3 x 3 submatrix
of the symmetrized tensor. Consequently, the difference in
the behavior of the two traces is due to the off-diagonal,
elements in the submatrix, and the diagonal elements of
the lower right 3 x 3 submatrix. It is satisfying that the
overall behavior of the traces is preserved when the tensors
are symmetrized. The result stems from the fact that the
hybrid approach uses the trace as a scalar quantity to
characterize the microscopic elasticity at that atom. Thus,
if there were large changes in this quantity, symmetriza-
tion of the tensor field would be difficult to justify.
To summarize the information from the tensor fields,
the averages of the traces and their associated standard
deviations are listed in Table I for both the a-carbon and
amide nitrogens. The average values for both the full and
reduced tensors, calculated using only the valence interac-
tions, did not change when the molecule was relaxed.
However, when both valence and nonbonded interactions
were considered the relaxation caused a reduction in the
value of the trace. This suggests that the contribution to the
local forces from the valence forces do not change as much
as the nonbonded forces. A comparison of the amide
nitrogen and the a-carbon values show that the former
group has both smaller average trace values and larger
TABLE II
TRACE OF AND DEVIATIONS IN THE VOIGHT
SYMMETRIES IN THE FULL 9 x 9 AND THE
SYMMETRIC 6 x 6 AVERAGED ELASTIC
MODULUS TENSOR FOR BPTI
Unrelaxed BPTI Relaxed BPTI
Property
a b a b
Symmetry
S.b,d = Sba 0.011 0.011 0.011 0.011
S.kd = S5 0.161 0.190 0.087 0.091
Sad- S¢, 0.121 0.143 0.066 0.070
Traces
Sakd 1.35 1.58 1.34 1.49
Sii 1.51 1.72 1.51 1.64
Deviations x 103/454 kcal per mol. (a) Stretching interaction (3.1). (b)
Bending, torsional, and nonbending interactions.
standard deviation about the average values. Thus, the
amides are more flexible and have local environments that
are more varied. This latter observation was found to be
true even when the proline groups responsible for the sharp
peaks in Fig. 3 were excluded from the averages.
Continuum Limit
Although valuable local information may be obtained by
considering the traces for each tensor throughout the
molecule, the calculation of the elastic properties from
these tensors is not justified because these constants are
macroscopic quantities. Thus to obtain bulk elastic con-
stants for the molecule, the tensors are averaged over the
whole field using
I n
Sabkd = - E Cabt (iM)V (3.2)
In Eq. 3.2, n is the number of atoms averaged over and Vis
the total volume of BPTI. Table II lists the deviations in
the Voight symmetries for both the relaxed and unrelaxed
configurations as a function of the two different potential
TABLE III
ELASTIC CONSTANTS FOR BPTI
Unrelaxed BPTI Relaxed BPTI
Constants a b a b
Lamda 0.96 1.24 0.97 1.14
Mu 1.64 1.79 1.64 1.76
Bulk modulus 2.06 2.43 2.07 2.32
Young's modulus 3.88 4.30 3.88 4.20
Xi 0.18 0.30 0.17 0.18
[Young's modulus]x 4.10 4.42 4.08 4.40
[Young's modulus]y 3.87 4.15 3.87 4.18
[Young's modulus]z 4.21 4.62 4.20 4.54
(Young's modulus) 4.07 4.40 4.05 4.38
Constants x 104 MPa. (a) Stretching interaction (3.1). (b) Bending,
torsional, and nonbending interactions.
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forms. Table III lists the corresponding elastic constants
which will be discussed later in the paper.
The symmetry property that exhibits the smallest devia-
tion is Sakd = Sbc,d, which is associated with the require-
ment
EZ{=+idbjV(r) | - V(r) |i
AXjCAXjd = 0, (3.3)
whereas Sai,d = Scdab, which is larger, is associated with the
Huang condition, Eq. 2.1 1,
l a db V(r) |&XjCAXjd
a d V(r)
0c1c adj
AX- AX.b 0-
r
(3.4)
The property that uniformly shows the largest deviation is
Sabd = Sa, and corresponds to both of the previous
requirements. While the traces for the tensor sums, Skd
and Sj, of the relaxed and unrelaxed configurations are not
appreciably different, the deviations in the latter two
symmetry properties are significantly different. The
former symmetry property, Sabed = Sbacd, is initially very
small for the unrelaxed configuration and seems to be
insensitive to the relaxation process. This in fact should be
expected because expression 3.3 is invariant to the change
in the indices of the second derivative if the sum is over all
atoms. Thus as the number of atoms summed over
increases, the relative contribution from the term for the
ith atom decreases and expression 3.3 approaches zero.
Because the ratio of the third to the second symmetry
property is constant for both the relaxed and unrelaxed
configuration, either property can be used equally well to
indicate the internal stress of the molecule. For both types
of interactions, the deviations in the second and third
symmetry properties decrease when the protein is relaxed.
It is interesting to note that the larger decrease is seen
when only the valence interactions are considered. This
suggests that the degrees of freedom associated with bond
stretching and bending converge to their equilibrium con-
figuration more quickly than do the other degrees of
freedom.
The Bulk and Young's moduli which are representative
of the whole protein can be calculated from the averaged
tensor by assuming that it is isotropic so that the Lame
constants, X and ,A, are given by,
X= 1/3 [C,2 + C23 + C,3] (3.5)
and
,u= '/3 [C44 + C55 + C66] (3.6)
respectively (18). Judging from the symmetrized tensor in
Table IV one can see that this is not an unreasonable
TABLE IV
FULL AND SYMMETRIZED ELASTIC MODULUS TENSOR
FOR THE RELAXED CONFIGURATION OF BPTI
ASSUMING VALENCE AND NONBONDED INTERACTIONS
C.,,/454 kcal per mol
b
d x x x y y y z z z
x y z x y z x y z
ac
xx 405.7 -7.4 6.6 -7.4 145.4 6.9 6.6 6.8 154.5
xy -7.0 95.4 4.8 145.0 -6.3 -0.9 7.1 -1.9 -5.2
xz 6.7 5.5 100.4 7.8 -0.3 -2.3 154.5 -5.3 5.5
yx -7.4 145.4 6.9 95.8 -5.8 -0.8 4.6 0.1 -5.4
yy 145.0 -6.3 -0.9 -6.3 382.9 9.8 -0.9 9.9 137.2
yz 7.7 -0.4 -2.2 -1.3 9.5 91.2 5.3 137.1 9.3
zx 6.6 6.9 154.6 4.6 0.1 -5.5 100.3 -2.2 5.0
zy 7.1 -1.8 -5.2 -0.9 9.8 137.2 -2.0 91.3 9.6
zz 154.6 -5.4 5.6 -5.5 137.1 9.2 5.5 9.3 416.2
Cab x 10/454 kcal per mole
a- xx yy zz xy xz yz
xx 406.0
yy 95.6 383.0
zz 100.0 91.3 416.0
xy 4.9 9.8 9.3 137.0
xz 6.6 -1.5 5.9 -5.3 155.0
yz -7.3 -6.2 -2.2 -5.1 7.2 145.0
assumption. Clearly the off-diagonal 3 x 3 submatrix has
elements which are of much lower magnitude than the
diagonal submatrices. Further, the off-diagonal elements
of the lower diagonal 3 x 3 matrix are much smaller than
the diagonal elements. These constants are related to the
Bulk and Young's moduli by
K =X + 2/3 A (3.7)
and
E = 9KAt/(3K + i). (3.8)
In addition, because the diagonal elements of the upper left
3 x 3 submatrix are equal to the quantity (2X + ,u), the
following expression can be used to judge the isotropy of
the protein:
X- = '/3 [(C, + C22 + C33) - 2 (C,2 + C23 + C13)
- (CU + C55 + C6)]. (3.9)
Using this criterion the protein can be considered to be
reasonably isotropic because the value of X, is about an
order of magnitude smaller than the constants for both
configurations. Additionally, if the protein is isotropic the
difference in the traces for the full and symmetrized
tensors will be given by 3(2AX- ). As can be seen from
Tables II and III there is very good agreement between this
quantity and the difference in the traces. Young's moduli
can also be calculated along each of the axes from the
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expression (18)
Ej~ ~~=S] ij. (3.10)
where i, jEfx, y, z4. In general it is found that the spacially
averaged Young's moduli in Table III are larger than the
values calculated assuming that the protein is isotropic.
However this difference is quite small, (<10%), so that the
values are comparable with each other. The range in the
values along each axis is - 3% of the average when only
valence interactions were considered for both configura-
tions. If all the interactions are considered the range for the
unrelaxed configuration increases to 5% of the average
value and then decreases to 4% when the configuration is
relaxed.
The calculated value 4.2 x 103 Mpa of Young's modulus
for BPTI was found to be in excellent agreement with the
4-6 x 103 Mpa experimentally determined value for hen
egg white lysozyme (19). Our value is better than the
1.2-2.3 x 103 Mpa range estimated from static correlation
of the fluctuations in the dihedral angles of alpha-helicies
(20).
Because of the agreement of the calculated modulus
with the experimental one and the structure of the aver-
aged tensor, (Table IV), it is appropriate to treat the
protein on this level as being isotropic even though it is
clearly anisotropic on a microscopic level (Figs. 1-3). To
take the analysis a step further, a simple estimate of the
molecules' dynamical response can be made from the first
order assumption that the protein is a sphere of radius r.
Taking the radius as 20 A (21) then the frequencies of
vibration are given by the roots of the dispersion relation
tan (wr= [wr][1 (wi.\2]- (3.11)
CQ and C, in the above expression are longitudinal and
transverse wave velocities related to the Lame constants
by
CQ = A197 (3.12)
and
Ct= ;2AX+i/p, (3.13)
respectively. Using the values determined for the relaxed
configuration and assuming all interactions except stretch-
ing the lowest vibrational frequency is 11.2 cm-'. Whereas
this estimate is in reasonably good agreement with previ-
ously reported values (21-23), recent normal mode calcu-
lations find frequencies in the 3 cm-' range. The discrep-
ancy between these results and the present one is most
likely due to the fact that BPTI is not spherical and the
crude volume averaging used above can mask some types
of motion.
Homogeneous Lumped Intermediate
The lumping or averaging of the tensor field throughout
the protein represents the full continuum limit of the
hybrid approach. As an illustration of another lumping
scheme intermediate to this limit and the rather unphysical
discrete limit where each tensor in the field is considered
individually, we have chosen to calculate the elastic con-
stants from the tensors averaged over each residue and its
corresponding nearest neighbor residues. Because the pro-
files of the traces of both the full and symmetrized tensors
are virtually the same for both configurations only the
traces for the relaxed conformation are displayed in
Fig. 4.
Comparing the results shown in Fig. 4 with Fig. 2, it is
seen that there is a more marked correlation between the
averaged traces and the substructures of the molecule.
When the traces are averaged over the substructure
regions it is found that the looped region (residues 25-29)
is the most flexible. The $3-sheet regions (residues 18-24
and 29-35) which flank this looped region are stiffer.
Finally, the a-helical region (residues 47-55) is a little
stiffer than the looped region (residues 12-17 and 36-42)
but more flexible than the 3-sheet regions.
Assuming that the protein is isotropic at each residue,
Young's modulus may be calculated from the averaged
tensor field using Eqs. 3.5-3.8. Although the individual
moduli differ slightly for each configuration, the overall
profile does not. This same trend is also exhibited in a
comparison of the traces for the elastic modulus tensors
(Fig. 4) and the elastic moduli (Fig. 5), which suggests that
the traces are qualitatively proportional to Young's mod-
ulus if the protein is not too anisotropic.
The root-mean-square displacement of an atom in a
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FIGURE 4 Traces of both the full and symmetrized elastic modulus
tensors, averaged over the residues, for the relaxed configuration of BPTI.
( ) C,^,C assuming valence interactions; (---- -) C',d assuming
valence and nonbonded interactions; (. . . .) C,b assuming valence and
nonbonded interactions. Units are in kilocalories per mole.
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averaged over the residues. ( ) The unrelaxed configuration assuming
valence interactions; (----) the unrelaxed configuration assuming
valence and nonbonded interactions; ( *--) the relaxed configuration
assuming valence interactions; (- ) the relaxed configuration
assuming valence and nonbonded interactions.
molecule is related to the temperature factor determined
though x-ray diffraction by the following expression
(3,4).
(B,/2)'12 (3.14)27r
Here ( Ui ) 1/2 and B, are the rms displacement and temper-
ature factor, or the Debye-Waller factor for the ith atom.
The implicit assumptions used in writing Eq. 3.14 is that
the motion of each atom is harmonic in nature and that it is
isotropic. In lieu of a rigorous calculation of the tempera-
ture factors, which requires the integration of the lumped
continuum equations of motion, we compare the reciprocal
of the rms displacement to the trace and Young's modulus.
It is expected that because the latter quantities measure
the local rigidity, they should be correlated to the former.
The trace and Young's modulus, which are measures of the
rigidity, will be correlated to the reciprocal of the rms
displacement. To compare the two averaged quantities, the
temperature factors (16) are averaged over the residues in
the same manner as was done for the tensor field. These
averaged values are shown in Fig. 6. The comparison of
Fig. 6 to Fig. 1 and 2 demonstrates little correlation
between the traces of the tensor fields and the inverse rms
displacement. On the other hand there is general agree-
ment for the averaged results, in Figs. 4 and 5. This latter
agreement indicates that while the motion causing the rms
displacement may not be harmonic (24, 25), a large com-
ponent is.
In Fig. 7 the deviations in the three Voight symmetry
properties are displayed for the relaxed configuration when
all the interactions in the potential are considered.
Although the magnitudes of the deviations increase when
FIGURE 6 The normalized inverse of the root-mean-square displace-
ment calculated from the temperature factors for BPTI. ( ) The
values averaged over one residue, (. .) values averaged over three
residues.
the unrelaxed configuration is considered the overall pro-
file remains the same. These residual deviations indicate
that while the biomolecule is relaxed at the continuum level
(see Table II), it is not on the lumped residual level.
Comparing the substructure of the protein with the devia-
tions in the symmetry properties one sees a correlation
between the peaks in the deviation and the transition
regions separating the a-helical and looped regions. Addi-
tionally, it is found that the looped regions generally have
larger deviations then the ,B- and a-helical regions. This
latter result is due to the inherent stability of the a-helix
and (3-sheet which causes the regions containing those
substructures to relax to an equilibrium configuration in
0
C',
0
40.0
RESIDUE NUMBER
60.0
FIGURE 7 Deviations in the Voight symmetry properties of the full
tensor averaged over the residues for the relaxed configuration assuming
all the interactions. ( ), (--- -), and (. .) denote C, - Cb.cd4
C.kd = Cu,,, and Cbd = Ce,b, respectively.
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fewer iterations. The looped and transition regions on the
other hand are much more flexible and thus take more
iterations.
As was mentioned in the Introduction the partial lump-
ing scheme used here is only one of many possible ones.
One could for example lump residues according to the
underlying substructure. However, this scheme serves as a
useful example of the lumping concept by showing that the
calculated parameters refect the size of the lumped
regions. That is, the parameters were more anisotropic
than those for the continuum limit model but less than for
the discrete continuum limit model.
IV. CONCLUSIONS
In this paper we have analyzed BPTI using a method
which couples the atomistic and continuum descriptions of
the protein. In this hybrid approach, a field of local elastic
modulus tensors was calculated from a specified intramo-
lecular potential and configuration. Whereas the primary
purpose of calculating the field is to enable one to lump the
molecule in a systematic and consistent fashion, the analy-
sis of the field was also shown to be useful in understanding
the elastic properties of the biomolecule.
The ability to obtain a potential and configuration which
are self-consistent represents an important attribute of the
hybrid approach. In most studies one begins with a crystal
structure and by using some sort of minimization scheme
finds a configuration that is relaxed in a chosen force field.
Assuming that this relaxed configuration is representative
of the true equilibrium structure of the molecule, one then
calculates and compares theoretical with observed behav-
ior. Through symmetrization the hybrid approach yields a
balance between the chosen intermolecular potential and
the experimentally determined structure. The potential
and the structural information are put on the same footing.
While the symmetrization resolves the inconsistency, it
does so at the continuum level and not at the atomistic
level. Thus, if a self-consistent set of equations is required
at the atomistic level, the symmetrization method will not
be useful.
Besides being useful in the static analysis by providing a
means of quantitatively judging how close a given configu-
ration is to the equilibrium configuration, the traces can be
used to reduce the number of equations of motion for the
molecule so that an accurate dynamical analysis is practi-
cal. Regions characterized by tensors having approxi-
mately the same traces are considered as lumped regions
with a single tensor which is an average of the tensors
within the regions. The amount of lumping is in part
controlled by the nature of the information sought about
the molecule. If, for example, information on the very
low-frequency breathing motion of the biomolecule is
desired then the whole molecule may be lumped. However,
if some other property is desired which is less global in
nature and thus characterized by shorter wavelengths, then
less lumping is allowed. In this presentation two lumping
schemes were considered. By averaging over the whole
tensor field it was found that the protein was fairly
isotropic in nature and could be characterized by a
Young's modulus which was very reasonable with respect
to previously reported values. This is in contrast to a
previous phenomenological approach in which the modulus
is arbitrarily chosen. The other lumping scheme in which
the field was averaged over the residues permitted a more
detailed analysis of the protein. Generally even though the
resulting tensors were less isotropic than in the previous
scheme, the calculated Young's moduli correlated well
with the rigidity of the protein as determined from the
experimental temperature factors. Furthermore, the devia-
tions in the symmetry properties also exhibited a depen-
dence on the substructure of the protein.
Although the present work is a static analysis, the
primary motivation of the development of this approach is
to make dynamic analysis of proteins and other biomole-
cules tractable. The dynamics of an active site in a large
enzyme provides a good illustration of a typical applica-
tion. Here the active site undergoes large amplitude and
high-frequency motion, which is nonharmonic in nature,
whereas the bulk of the enzyme away from the active site
experiences small amplitude harmonic motion. Using the
hybrid approach, the field of elastic tensors would be
calculated throughout the bulk. This field would then be
symmetrized and lumped as dictated by the traces. Finally,
by coupling the lumped equations for the bulk to the
classical equations of motion for the active site, the
dynamics of the whole enzyme can now be described in a
very consistent manner.
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